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A 6n-Order Low-Frequency Mathematical
Model of Multiple Inverters Based Microgrid
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Abstract—Microgrid stability analysis is a critical issue
especially due to the inverters’ low-inertia nature. The voltage and
current control loops influences on stability are researched
frequently most of which focus on medium and high-frequency
characteristic. Although the complete state-space model aims at
low-frequency characteristic, it is too complicated and the
calculation amount is huge with the scale of the microgrid
increasing. One available reduced-order model of an inverter is
simple, but it is suitable for only single inverter without network
dynamic in microgrid. To fill in these gaps, a novel modeling
method is proposed in this paper to investigate the low-frequency
instability phenomenon and describe the whole DG connected
system including network. In consideration of the high
penetration level of induction motor (IM) loads and constant
power (CP) loads in practical applications, the low-frequency
mathematical model of IM and CP loads on the basis of static load
is also built in this paper. Simulation and experimental results
verify the effectiveness of the proposed model.

Index Terms—Constant power (CP) load, droop control,
low-frequency stability, induction motor (IM) load, microgrid,
modeling.

I. INTRODUCTION

ORE and more DG units are parallel operation to form a

microgrid with the characteristic of plug and play[1-2].
And droop control is a commonly used strategy [3-5]. However,
due to the negligible physical inertia of the inverters which
makes the system vulnerable to oscillation resulting from
network disturbances as well as their interaction. Therefore the
research of stability on islanding microgrid is critical. The
stability issues in microgrid can be divided into three parts
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that are low-frequency, medium frequency, high frequency
characteristic according to the reason caused the instability
phenomenon by frequency domain. On the base of neglecting
outer power loop influence of the inverter, an impedance based
stability criterion is modeled by its thevenin equivalent circuit
in [6-9], which focus on the medium and high-frequency
stability research.

To study the low frequency characteristic, small signal
stability analysis method is widely used since it is easy to
predict the system response when parameters are changed [10].
A modeling method is proposed in [11] and [12] which
completely model the whole system not only including the
characteristic of voltage and current loop, the power loop, the
load, but also the utility grid. Thus, it is accurate to analyze the
system stability and frequency domain characteristic from low
frequency to high frequency range. The main difficulty of
modeling the multi-inverters based microgrid with this method
is that its order is high, results in a great number of parameters
to be calculated and sufficiently capacious computer is
demanded to do simulation.

To solve the problem of complexity mathematical model, the
concept of reduced-order model for inverters in microgrid is
studied. Low-frequency model is quite sensitive to the loads
and power loop controller parameters for a microgrid
connected inverter [13], while medium and high frequency
models are mainly determined by the inverter’s inner voltage
and current control loops and the filters as well as load
dynamics. A modeling method without considering the voltage
and current controllers to simplify the mathematical model is
proposed which can be used to study low-frequency instability
[14-18]. However, this modeling method just fit for one single
inverter and it can’t be applied for multiple inverters based
microgrid. The stability characteristic of multi-inverters
microgrid is not guaranteed by the inherent stability and
functionality of an individual inverter [6].

Aiming at the above issues, this paper focuses on how to
build a reduced-order model for a microgrid considering the
inverters, static loads and line impedances. A novel 6n-order
mathematical model where n represents the number of inverters
in the microgrid is set up for the microgrid feeding static loads.
The order of proposed model is far less than the full order
model in [11] and [12], and the low-frequency model is suitable
for the multi-inverters connected microgrid stability analysis.
Since rotor oscillations of an inductance motor (IM) yield both
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mechanical and electrical power oscillations, the output power
of an individual DG unit feeding an IM inherently contains the
frequency modes of these oscillation [19]. The CP loads present
to be a negative incremental resistance which may lead to a
degradation of small-signal damping [20], [21]. This paper also
proposes a 6nt3-order and 6n-order mathematical model to
analyze the low-frequency characteristics of IM and CP loads
respectively, where n also represents the number of inverters.

II. PROPOSED 6N-ORDER MODEL OF AN AUTONOMOUS
MICROGRID WITH STATIC LOADS

A microgrid system composed of “n” inverters whose input
power supplied by microsources, such as fuel cells, PV units, dc
storages, and so on. All the units are connected to the point of
common coupling (PCC), as shown in Fig. 1(a). Fig. 1(b) is a
three-phase VSI with LC filter working in islanding mode and
controlled by conventional droop control strategy. Lf, Rf and Cf
are three-phase LC filters. Lc and Rc are line impedances. ipabc,
Eqve and iqe are inverter-side currents, filter capacitor voltages
and output currents of the inverter respectively.
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Fig. 1. Structure block diagram and frame transformation.

Based on this structure, the bandwidth of the closed-loop
transfer function of the current loop and voltage loop is around
1000Hz [22]. The active power-frequency droop and reactive
power-voltage magnitude droop closed-loop transfer functions

are proposed in [23]. The bandwidth of outer power loop is
around SHz. The inner voltage and current control bandwidth is
much higher than that of the outer power control, so the
reduced-order model can be developed by neglecting the inner
loops.

Firstly, only a static load will be considered. For the
microgrid with n inverters, a synchronous D-Q frame from
anyone of the all inverters is chosen as the common reference
frame which is showed in Fig. 1(c). Here, dxu is the angle of the
reference frame of Ath inverter with the common reference
frame of Mth inverter. The relationship between D-Q axis and
d-q axis is shown in (1).

[XDQM 1=T - [leq/t ] M
Where
| cos(8,,)  —sin(Sy,)
kM = Lin(gw ) cos(,,) } @

The small signal equation of (1) is shown in (3).

[AXDQM 1=T, - [Axqu 1+ T, [AS,,] (3)
Where
_ -X,sin(o,,,)— XqA cos(0y,) 4
o X 4 €08(6yy) — X SIn(S,,) “)
If there are n inverters, (5) can be obtained.
AiDQl Aidql Aé‘lM
Ai Al AO.
W=n O ) (5)
Ai Don Al dan Ad,,
Where
T:'I M T:'IM
T T
T; — s2M . Tvz — c2M . (6)
TsnM 2nx2n Tan 2nx2n

Next, the reference frame of DGI is set as the common
reference frame. According to the Kirchhoff’s voltage law, the
following formula will be gotten.
. 0 _a)o .
€po1 = (R, + Rl)ngl +(L,+ L[)|:a) 0 :|IDQ1 +

o

(L +Ly@@+R' i) °
l
cl 1 dt 1"DO2 1 )

o

-, | . di
0 :|IDQ2+LI ;th+ (7

0 -w di
. o |- DOn
~-~+RIzDQ"+L{w Ipon +L,

0 dt
The small signal form 0; (7) is shown in (8)
[ Aeyy |= A Aipy |+ B[ Ay | ®)
(8) can be transformed to
(A |==B4 [ Aiyy |+ B[ Aeyy | ©)
Where
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T
[Aey, [=[Aeny  Acyy, Ay, |
T
[AZDQJ = |:AIDQ1 Ay, AlDQJ
[ Ri+R - -o(L,+L) R -0, R -0,
wo(Ln t LI) RL‘I + RI a’oLz R/ " wULI RI
R -0y, Ry+R -op(Ly+L) - R -,
o, R oL, +L)  Ry+R o, R
R -0, R -0, R, +k, (Lcrz +1)
ol R ol R oL, +L) R, +R Jowan
(L, +L, 0 L 0 L 0 ]
0 L,+L 0 L 0 L
L 0 L,+L, 0 L 0
B, = 0 L 0 L,+1, 0 L (10)
L 0 L 0 .. L,+L 0
| 0 L, 0 L 0 L,+L ], ..
(9) can be transformed to
Aidql A5‘11
Tl Aifiqz + Tz A.é‘ﬂ _
Ay, AS,
7 . 1 (11)
Aldql Aedql A6,
Ai Ae A6,
~BIAT| |+ BT |+ (BT, -BIAT)|
Aiy, Ae,,, Ad,,

The instantaneous active and reactive power components P
and Q are calculated from the measured output voltage and
output current as (12).

B =1.5x(e iy +€4ly)
Q- =1.5x (ezd iq eiqlid)

The active power sharing for different inverters is obtained

by introducing droop control as shown in (13) [1]-[5]. Here,

e0d stands for the nominal set point of d-axis output voltage and
the g-axis reference is set to zero.

(12)

kP

p~ mean
ed = eOd - kquean
e, =0
A low pass filter given by (14) is used in order to ensure the
control laws defined by (13), of is the cut-off frequency of the

measuring filter and it is generally chosen to be one-tenth of
50Hz [24].

O=0,-

(13)

.
mean s + a)t (1 4)

@

Qmean -

s+ o;
The reference frame of DG1 is taken as the common frame.

To translate the variables from an individual inverter reference
frame into the common frame, an angle 6 is defined for each
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inverter as shown in (15).

é‘tlzj.(wi_wl)dt (15)
The small signal equation of (12)-(15) is shown in (16).
A8, = Ay,
.11 Vi (16)
AV, =—k,0 (AR = AR) — o Ay,

Where

AF, =1.5x(e,Aly,; +Aeyiy, + e, Al +Ae i)
AQ, =1.5x (e Ai, + Aeyly, —e,Aiy, —Ae,iy,)

When there are n inverters,

_A7}1 Ay,
Ay . Ay
:2 :CY[Aqu]+D~‘|:Aedq:|+FV :2 a7
LAY, Ay,
_Aé‘n Ay,
AS. A
; 21| _ I :7/2 (18)
| AS, Ay,
(8¢, ]=G [ Ae, |+H,[ A, ] (19)
Where /s is a unit matrix of nxn order and
0 0 0 0 0
1.5k a)f 1.5k a),eq1 -L5k,o.e, -1.5k,0e, - 0 0
L5k e, 1.51c‘)a),eq1 0 0 -L5koe, -1Skoe,|
D, =
0 0 0 0 0 0
LSk,@0, 15k00, =15k, -1 Skpa),zw 0 0
LSk, 0, 1.5k, 0 0 “L5kod, -1Skod,|
o,
F= —@y
- f nxn
G,Y =
(-0, -15k i, 15koi, 0 0 0 0 ]
0 0 0 0 0 0
0 0 -0, -15koi, 15k, - 0 0
0 0 0 0 0 0
0 0 0 0 15k, 15k0,,
L 0 0 0 0 0 0 A2mx2n
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HS:
[1.5kwe, -15koe, 0 0 0 0]
0 0 0 0 0 0
0 0 L5kwe, -15koe, 0 0
0 0 0 0 0 0
0 0 - 1Skoe, 0
0 0 0 w0 SLSkoe, |

Now, a complete state-space small-signal model of n inverters
can be obtained as shown in (20) by combining (11), (17), (18)
and (19).

[AX, ]=4,, ([AX,] (20)
Where
[AX]=[A8, Ay Ae,, Al A5, Ay,
Aequ Aiqu Agnl A]/ n Aedqn Aidqn]
LN, +T,J, [ B'T,M, - B AT,N, + B]'T,J, - B AT,J,
4 - K, CN,+DM +FK,
mg7§ JS I.\'Kﬁ
Ms GSM.& + HSNS‘ 6nx6n
Ad,, Ay,
AS,, Ay,
S EV el AKX, T [ E K e AT
Ad, Ay,
Aedq, Aidq,
Ae Ai
= IM Y [AX DS | S IN LG [AX] (21)
Aedqn AZ‘dqn

1. MATH SMALL SIGNAL MODEL OF A MICROGRID WITH
STATIC LOADS ACCURACY AND ITS APPLICATION ANALYSIS

A. Small Signal Model Accuracy Analysis of an Autonomous
Microgrid with Static Loads

The droop gains influence on low-frequency stability is
analyzed and eigenvalue trajectory obtained by proposed model
when droop gains change should be compared with that
obtained by [11] which had been verified to be accurate enough.
A three inverters connected microgrid is studied as an example
to calculate the eigenvalues of the system. Noting that the
model in [11] describes the complete control loops including
voltage loop, current loop and power loop. So the eigenvalues
in [11] are composed of three different clusters shown in Fig. 2
where the parameters are presented in table I. From Fig. 2,
different clusters eigenvalues indicate the system eigenvalues
frequency domain distribution and there is a cluster of
low-frequency eigenvalues which are dominant.
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TABLE I
INVERTER AND CONTROL PARAMETERS
Components and parameters Value
DC Voltage. V. 800v
Switching frequency. f; 10KHz
Grid frequency. @ 2n X 50rad/s
Grid voltage. E, 311V
LC filter inductor. L; and Ry 1.35mH, 0.1Q
L filter capacitor. C¢ 50uF
Line impedance inductor. L. and R, 1.8mH, 0.6Q
Active power droop coefficient. K 5x10Hz/W
Reactive power droop coefficient. Kq 8.5x104V/Var
Cutoff frequency of power calculation LPF.co¢ 2mnx5rad/s
Voltage loop PI. K,,, and Kj, 0.05, 390
Current loop PI. K, and Kj; 10.5, 16000

In order to investigate the model accuracy, change the droop
coefficients from small to large. Fig. 3(a) depicts the damping
of the dominant low-frequency eigenvalues as the active power
droop gain increases from 5x10~Hz/W to 5x10*Hz/W, where
the “*” line represents the eigenvalues in [11] and the “A”
line represents the model proposed. Coincident with the
conclusion in [11], the eigenvalues of these two models fall into
the same area and the eigenvalues move to the right half plane
which means the system tends to be unstable when the active
power droop gain increases. Similarly, Fig. 3(b) shows the
damping of the dominant low-frequency eigenvalues as the
reactive power droop gain increases from 8.5x104V/Var to
3.9x107V/Var, where the red line represents the eigenvalues in
[11] and the blue line represents the new model proposed. As it
can be seen, the eigenvalues of these two models fall into the
same area and both eigenvalues of proposed model and [11]
tend to move into the right half plane. In summary, the
proposed model and [11] are close matched from the point of
the eigenvalues distribution.
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-4.5 -4.0 -3.5 -3.0 -2.5 -2.0 -1.5 -1.0 -0.5 0
Real[1/s] x10°

Fig. 2. Overall eigenvalue spectrum of the microgrid system in [11].

Further, one static load is taken into consideration and its
parameters are list in Table I. Fig.4 shows the output power of
inverters under different conditions of kp. Fig. 4(a) shows the
output power of the three inverters when kp is equal to
5x10Hz/W and the system keep stable in this case. The
performance of microgrid is deteriorated when increasing kp
equal to 5x10*Hz/W and a low-frequency oscillation occurs as
shown in Fig. 4(b). The oscillation performance are coincident
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with the eigenvalue analysis of the proposed 6n order
mathematical model in Fig. 3(a) and it further illustrates that
the stability margins are well predicted by the proposed model.
Similarly, system tends to be unstable and low-frequency
oscillation emerges when kq increases from 8.5x10#V/Var to
3.9x103V/Var. Eigenvalue analysis of the proposed 6n order
mathematical model in Fig. 3(b) is shown in Fig. 4(c).
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Fig. 4. Output power of inverters with static load.

B. Application of the 6n Model of the Autonomous Microgrid
with IM Loads connected
By using an IM load in place of the RL load, the relationship
between the IM’s stator and rotor voltages and currents can be
expressed in the synchronous rotating frame by (22)-(25) [13]

di, diy,
-oL i, +ri, +L —*-oL i, +L —=— 22
5" Qs s'Ds ss d t 'm Q) d t ( )
) di,
Vos = oL i, + Fig, + L, dz‘ —+oLi, (23)
i di
—soL i, +ri, +L =L i+ 24
rr°Qr r*Dr rr dt 'm” Qs m dt ( )
Vo =SOL,I;, +1ip, +L, ’ +soL, i, +L,—— (25)

Where L and 7 are the stator inductance and resistance, Ly
and r; are the corresponding rotor parameters, Lm, s and @ are
the linkage inductance, rotor slip, and the stator supply angular
frequency respectively.

Besides, the relationship between torque and the mechanical
speed can be derived in terms of the motor slip and stator
angular speed as follows

g d-90)
L e dt (26)
3 S d((1-s)w
:Zme(lelur _ll)ler)_J « dt )

In (26), T. is the electromagnetic torque, p, J and Ty are the
number of poles, combined motor and load inertia, and the load
torque respectively.

According to the Kirchhoff’s voltage law and setting the
reference frame of IM load as common reference frame, we can
get the following formula

di,,
dll _a)Lu Qi

eDl = R(:ilDi + Lc‘i + VDS

27

e RulQl + L, dt i T Vos

Where i (n=1, 2......k) represents the number of inverters. (28)
can be obtained by combining (24), (25), (26) and (27).

, , Aiyp,
[AeDQJM] = AIM [AZDQJM :| +Byy, [AZDQ.V] + CIM |: ADSQ :|

. Ay,
+Dy, [AIDQ ™ :| FopAipg 1+ Gy |: " :|

As
(28)
. Al por
=4y, + B[MSIM)[AIDQJM :| +Cy As
. Al
+(Dyy + FIMSIM)[AZDQJM :| +Gy, |: ADSQ :|
Where
T
|:A€DQJM:| = |:AeDQl AeDQz AeDQn:| 29)
. . . . T
[AIDQJMJ = [Angl Aipy, AlDQn:|

The other matrices in (28) are given in Appendix. (30) can be
obtained according to (5).
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A‘Smw
. AS,, Y
(D[M + FIMSIM )T{ [AlquM] + (DIM + FIMSIM )Tz :zm + G[M |: A.;Q :|
A5n1M
= TI I:AequM:I - (AIM + B[MSIM )II I:AiquM :| + (30)
Aé‘]m
AS Aipy,
(AIM + BIMSIM)TZ -ZIM - CIM{ o :|
: As
AS,

nIM

According to (24) and (25), (31) and (32) can be obtained.

Av, i Aip,, . Ay,
{Agf :|:HIM ‘:A’DQJM:""JIM{ ADSQ :|+K1M [AIDQJM}"MW[ AZ;Q :|(31)

Ad,

1M

: AS,, Al
K]MSIMTI [AlquM :| + KIMSIMTZ :2”4 + My, |: ADSQ :|

AS
niM (32)
Aé‘IIM
Av,,, , AS,, Aiy,,
:{ A;LQ :| -H,,S,T [A’quM ] -H, ST ;m I |: ADSQ }
Aé‘nlM
The matrices in (31) and (32) are given in Appendix. And
next is power loop which is similar with before.
Ay, Ay,
Ay . Ay
= O [Aldq_IM] + By I:Aedq_IM:| +0n| . ’ (33)
Ay, Ay,
ASUM Ayl
AS A
=, |77 (34)
A5.WIM Ayﬂ
[Aédq_lM:| =Uy [Aedq_lM:.‘l'Vm [Aidq_h’\/l:| (€R)

Where 1IM is a unit matrix of nxn-order and the other
matrices in (33) (34) and (35) are given in Appendix.

Now, a state-space small-signal model of n inverters with IM
load shown in (36) can be obtained by combining (30), (31), (32)
and (33).

[AXIM:| = Ay 1 [AXIM] (36)
Where
[AX, ]=[Ad,, Ar, Aey Aiy, A8, Ay, Ay, 37
Aiy, - AS,, Ay, Ae,, Ai, Ai,, As]
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-1
Dy + Ey Sy X TZy + T )+ Gy Ry,
K’M S’M T;ZIM + K/M S/.‘V’sz.‘\rf + M’M RIM
A = Xy X
Wy
Y,
v (38)

Ty = (A + By Sy )T Zyy + (A + By Sy )Ty = Cy Ry
=H Sy Zy = Hp Sy W,y = Ry
O Zyyg + Py Yy + O Xy
Ly Xy
UiV 4V

(6143)x(6n+3)

The matrices in Amg v are given in Appendix.

In order to demonstrate the accuracy of the 6n-order model
of the autonomous microgrid with IM load, the eigenvalue
trajectory of a complete model in [13] is plotted in Fig. 5.
According to the matrix in (38), Fig. 5 shows the relationship
between eigenvalue trajectory and active power droop gain £,
when it increases from 3x10°Hz/W to 15x10-°Hz/W. The other
parameters of IM load are shown in Table II. From Fig. 5 it can
be observed that the dominant eigenvalue trajectory tends to the
right half-plane when the active power droop gain increases. In
the proposed model, the critical point of the system is k, =
15x10°Hz/W in the proposed model and in [13] k, =
14.3x10Hz/W. This is very close and the proposed model can
be used to predict the stability of the system. Due to induction
motor load, the eigenvalue trajectory is quite different from that
of microgrid with static load. The eigenvalues tend to the right
half-plane which indicates that low-frequency oscillation will
occur. But when the equivalent IM load is connected, even
under the same droop gains, the eigenvalues show much less
damped behavior than the eigenvalues of microgrid with static
load.
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Fig. 5. Low-frequency eigenvalue trace of microgrid with IM load when
increasing the active power droop gain.

Fig. 6(a) shows the power of inverters when the equivalent
IM load is connected and kp is equal to 5x10°Hz/W at this
moment. Fig. 6(a) shows much less damped behavior than Fig.
4(a) even under the same kp. And this is coincident with
previous conclusion in Fig. 5 and Part III B. The influence of
active power gain kp on the system stability is show in Fig. 6(b)
which shows the motor speed response with different kp. It
should be noted that the system yields to low-frequency
oscillation with the increasing of active power droop gain from
5x10°Hz/W to 8x10°Hz/W and this coincides with Fig. 5 and
Part III B. The parameters of IM load is shown in Table II.
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(b) Motor speed response when equivalent IM load is connected from small
active power droop gain (5x10-5Hz/W) to large active power droop gain
(8x10-5Hz/W).

Fig. 6. Output power of inverters with IM load.

TABLE 11
IM LOAD PARAMETERS
Components and parameters Value
Linkage inductance, L, 193mH

Rotor inductance and resistance. 207mH, 3.433Q

Ly and r;
Stator inductance and resistance. 203mH, 5.533Q)
Ly and 7
Inertia. J 0.008Kg-m?
Number of poles. P 4

C. Application of the 6n-oder Model of the Autonomous
Microgrid with CP Loads

DC loads are connected to microgrid through controllable or
uncontrollable rectifiers and consume constant power which
have negative incremental impedance characteristic, as this
reason it can be classified as CP loads.

As mentioned in [25], there is a small perturbation in voltage
and current as shown in the following equation.

Vv v
7 = _7 = _|ZCPL|

Where V and 7 are the peak voltage and peak current. -|ZCPL|

can be obtained by the following calculation:

(39)

v v,
‘ZC,,,_‘=7=[—': 1'3 cosa (40)

Where V1, Ir are RMS values. o is the phase difference.
Finally, the equivalent resistance Rcpr and inductance Lcpr can
be calculated by this form.

Rep = _‘Z(,‘PL ‘ cosa

(41)

B ‘ZCPL‘cosa
crL T T

L
w

In summary, the difference between model of microgrid with
CP load and model proposed in Section III is that the load is
negative impedance characteristic. For simplicity, the
state-space small-signal model of the n inverters with CP load
can be obtained according to the proposed method as follows.

[AXCP}:AmgicP[AXCP] (42)
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Where

[AXCP]:[A&ICP Ay, Aedql Aidql AS. Ay,

A}/ n Aedqn Aidqn :|

BT ~ ~ ~
TINCP + T2‘]CP BC}I’TIMCP - BCIIJACPTINCP + BCIIJTZJCP - BCII’ACPTZJCP

Aey, Ay, AS,cp

A _ Kep CopNep + DepM cp + FepK
mg_CP —
) Jer LepK e
Mep GepMep + HepNep

(44)
The matrices in Amg cp are equal to the corresponding
matrices in Amg s.

Similarly, Fig. 7 indicates the eigenvalue trajectory of
6n-oder autonomous microgrid model with a CP load marked
by “A” line and complete microgrid model with a CP load in
[25] marked by “*” line when the active power droop gain
increases from 1.57x10°Hz/W to 3.14x10*Hz/W. The
parameters of CP load are shown in Table III. As can be seen,
the eigenvalues of these two models fall into the same area and
both eigenvalue trajectories tend to right half-plane and
low-frequency oscillation will appear where the oscillation
frequency is around 1Hz-15Hz. As it can be seen from Fig. 7,
these two trajectories are very close. The error between them
should be researched further and this does not affect the
stability analysis.

TABLE III

CP LOAD PARAMETERS
Components and parameters Value
Voltage loop PI. K, and K; 04,10
Current loop PI. K, and K 46,0.5
Filter inductance. L, 0.7mH
Filter resistance. L, 0.05Q
DC-link capacitance. Cpc 300uF
DC-link voltage. Upc 700V

Fig. 8(a) and Fig. 8(b) shows the active power of the
inverters when the CP load is connected in place of the RL load.
The reactive power is zero due to the introduction of CP load
and it can be ignored. In Fig. 8(a), system reaches stability fast
and kp is equal to 1.57x10°Hz/W at this moment. However,
when the droop gain kp increases from 1.57x10°Hz/W to 1.6
X 10*Hz/W, the low-frequency oscillation phenomenon is
more serious shown in Fig. 8(b). The simulation results are
identical with Fig. 7and Part III C.
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* re 1‘c;rcncc [:13]

Imaginary[rad/s]

-100

-35 30 25 20 -15 -10 -5 0 5

Real[1/s]

Fig. 7. Low-frequency eigenvalue trace of microgrid with CP load when the
active power droop gain increases.
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Fig. 8. Output power of inverters with CP load.

(a) Active power of inverters when CP load increases with small active power
droop gain (1.57x10°Hz/W, 8.5x10*V/Var).

(b) Active power of inverters when CP load increases with large active power
droop gain (1.6x10“Hz/W, 8.5%10#V/Var)..

IV. EXPERIMENTAL VERIFICATION OF PROPOSED MODEL

A. Experimental Results with RL Loads

An experimental platform is built to validate the proposed
analysis, it consists of two paralleled three-phase inverters. The
inverters operate as droop-controlled sources and itse phase
voltage is 110Vrms. A resistive—inductive load is connected to
PCC. The system parameters are shown as follows: 3KVA,
Ca=470uF, L=3mH, Cr=14.1vF, f=10kHz, w=31.4rad/s,
kv=0.01414, k=150, k,=0.5, ki=1000, Zjinei=1Q+j0.45mH,
Ziine2=20+j0.9mH, Z10,¢=50Q+)7mH.

First of all, a reduced 12 order low-frequency mathematical
model of experimental platform is acquired by using the
method shown in Section III. Fig. 9 shows the eigenvalue
trajectory of the system which are close to the imaginary axis as
a function of active power droop gain kp and reactive power
droop gain kq. In Fig. 9(a), the kp increases from 2x10Hz/W
to 8x103Hz/W. The root locus tends to the right-half-plane
with the increasing of kp and low-frequency oscillation will
appear. Similarly, in Fig. 9(b), the k; increases from
0.015V/Var to 0.08V/Var. And the eigenvalue trajectory tends
to the left side of the complex plane. Fig. 10 shows the active
and reactive power and the they are stable and the ; is equal to
2x103Hz/W in this case. When k,, is 8x10-3Hz/W, the system is
unstable and the low-frequency oscillation appears in both
active power and reactive power shown in Fig. 11(a), (b). And
when kq increases from 0.015V/Var to 0.08V/Var, the
low-frequency oscillation also occurs shown in Fig. 11(c), (d).
Therefore, the system stability is degraded when kp or kq
increases and this experimental results are coincide with the
conclusion of eigenvalue trajectory.
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Imaginary[rad/s]

-45 -40 -35 -30 25 <20 -15 -45 40 -35 -30 25 -20 -15
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(@ ()
Fig. 9. Eigenvalue trajectory of reduced 12 order model with RL load.

(a) Increasing real power droop gain
(b) Increasing reactive power droop gain
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Fig. 10. Power of inverters when load increases with small droop gain (2 X
10°Hz/W, 0.015V/var).
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(c) Active power and active power of DG1 when load increases
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Fig. 11. Output power of inverters when load increases with large droop gain.

B. Experimental Results with IM Loads

The parameter of IM load is listed below. Px=100W,
Un=220V, In=0.48A, nx=1420rpm, p=4. First of all, a reduced
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15-order low-frequency mathematical model of experimental
platform is obtained according to Section III B. Fig. 12 also
shows the eigenvalue trajectory of the system which are close
to the imaginary axis when k, increases from 3x104Hz/W to
3x10*Hz/W and the system tends to the left side of the complex
plane. It should be noted that the system will be more unstable
when k, is 1.5x103Hz/W than k, is 5x10“*Hz/W. Then the
eigenvalue trajectory analysis above will be verified by the
experimental results. Fig.13 shows the power of DG1 and DG2.
Among them, Fig. 13(a) (b) shows the power when kp is
5x10*Hz/W and Fig. 13(c) (d) shows the power when k, is
1.5x10Hz/W. The last is more unstable than the former, so
this is coincide with the eigenvalue analysis above.
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Fig. 12. Eigenvalues trajectory of reduced 15 order model with IM load.
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gain (kp =5 X 10*Hz/W, kq=0.075V/var)

P[35W/div]
[13Var/div]

P[35W/div]
Q[13Var/div]

DG1

L

Time[1s/div] Time[1s/div]
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(d) Active power and reactive power of DG2 with large active power droop
gain (kp =1.5 X 10°*Hz/W, kq=0.075V/var)
Fig. 13. Power of inverters when IM load joins.
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C. Experimental Results with CP Loads

Because of the limitation of experimental conditions, there
are just two inverters in experimental platform. One of them is
treated as inverter and the other one is treated as rectifier load.
The parameter of rectifier is as follows: Lc=0.45mH,
Cf:14.1uF, LF?)I’HH, CDc:470uF, UDCZ3OO, RLOADZISOQ. A
reduced 10 order low-frequency mathematical is built
according to Section III C. Fig. 14(a) also shows the eigenvalue
trajectory which are close to the imaginary axis with the
increasing of k, from 1x10*Hz/W to 9x10*Hz/W and the
system tends to the left side of the complex plane. Remarkably,
the system is more stable when k, is 5.275x10"*Hz/W than £k, is
8.275x10*Hz/W. The experimental results are shown in Fig.
14(b),(c). The system is stable when £, is 5.275%10-4Hz/W
while the system tends to be unstable when £, increases to
8.275x10*Hz/W. In summary, the experimental results are also
coincided with the eigenvalue analysis above.
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Fig. 14. Eigenvalues trajectory and power of inverters when CP load joins in.
(a) Eigenvalues trajectory of reduced 10 order model with CP load.

(b) Active power with kp =5.275X10-4Hz/'W, kq=0.075V/var

(c) Active power with kp=8.275X10-4Hz/W, kq=0.075V/var

V. CONCLUSION

In this paper, a novel reduced order low-frequency model for
inverter-based microgrid with different loads is proposed.
Comparing the 6n-order low-frequency model of microgrid
with static load with the complete model, the proposed model
which is simpler but also has the same accuracy and reliability
for the research of low-frequency stability of the microgrid
system. In addition, a 6n+3 and 6n low-frequency small-signal
state-space models of a microgrid with induction motor load
and constant power load are developed in this paper. Through
the eigenvalue trajectory analysis of the proposed model, these
kinds of load can also cause the system to produce
low-frequency oscillation. Detailed eigenvalue analysis,
simulation, and experiment results have been presented to
certify the effectiveness of the proposed model.
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