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Rotor Beat Frequency Vibration in a Magnetic 
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Jingxiong He, Zhenzhong Su, Qi Liu, Dingyang Liu, Haoran Zhao, and Dong Wang 

Abstract—This study focuses on the phenomenon of rotor beat 
frequency vibration (BFV) in a 2-pole magnetic levitation 
induction machine (MLIM), systematically investigating its 
dynamic mechanisms and subsequently applying an established 
method for its suppression. First, the BFV synthesis process is 
described. Subsequently, three primary disturbance sources in 
the magnetic bearing (MB) system are identified and analyzed, 
including rotor unbalance, unbalanced magnetic pull (UMP) and 
magnetostrictive effect. Through numerical solution of a four-
degree-of-freedom (4-DOF) rotor dynamic model, the theoretical 
analysis reveals that MLIM-induced BFV consists of three 
spectral components: (i) rotor rotational frequency (RRF), (ii) 
electrical fundamental frequency (EFF), and (iii) the sum of EFF 
and slip frequency (EFF+SF). Building on these findings, we 
propose the adoption of a well-established notch filtering 
technique as an effective means to suppress the BFV. The 
experimental results confirm the correctness of the analysis of 
the BFV generation mechanism, and in particular of the EFF 
disturbance mechanism, and also demonstrate the effectiveness 
of the vibration suppression method.① 

Index Terms—Active magnetic bearing (MB), 2-Pole magnetic 
levitation induction machine (MLIM), Beat frequency vibration 
(BFV), Magnetostriction, Vibration suppression. 

NOMENCLATURE 

MB Magnetic bearing 
BFV Beat frequency vibration 
RRF Rotor rotational frequency 
UMP Unbalanced magnetic pull 
EFF Electrical fundamental frequency 
SF Slip frequency 

EFF+SF Sum of EFF and SF 
MLIM Magnetic levitation induction machine 
4-DOF Four-degree-of-freedom 

FFT Fast Fourier transform 
THD Total harmonic distortion 
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I. INTRODUCTION 

CTIVE magnetic bearings (MBs) achieve non-contact 
rotor suspension and dynamic stability through real-time 

control [1], overcoming the physical limitations of traditional 
bearings. Compared with the conventional electric machine, a 
magnetic levitation machine with MBs can achieve lower 
frame vibration acceleration. Therefore, it has greater 
application potential in the future [2]. 

Nevertheless, owing to the levitated state of the rotor in a 
magnetic levitation machine, vibration displacement can 
easily occur when the rotor is disturbed [3]. In practice, 
magnetic levitation machines often exhibit multi-frequency 
rotor vibrations. When vibration frequencies lie close to one 
other, a special beat frequency vibration (BFV) phenomenon 
can be observed [4]. This type of vibration generates periodic 
noises in the electric machine [5], and poses a challenge to the 
silent operation of the platform. 

The investigation of rotor BFV can be categorized into two 
types: those arising when the rotor rotational frequency (RRF) 
is close to its natural frequency, and those resulting from the 
coupling between mechanical unbalance forces and non-ideal 
electromagnetic forces of the machine. The first type exhibits 
relatively simple mechanisms, where BFV can be mitigated 
by either adjusting the generalized dynamic stiffness of MBs 
to alter the system’s natural frequency or by modifying the 
rotational speed [6]. The vibrations induced by the non-ideal 
forces of the machine present a more complicated scenario 
and may present distinct frequency characteristics depending 
on the machine type. 

For most electric machines, the primary sources of 
electromagnetic vibrations can be classified into four types: 
Lorentz force, Maxwell force, magnetostriction, and 
electrostriction. When both stator and rotor contain iron cores, 
the Lorentz force and electrostriction effect become negligible 
[7]. In the existing literature on electromagnetic vibration 
sources in electric machines, the majority of studies focus on 
Maxwell forces as the dominant mechanism [8]. These forces 
act on the air gap between the stator and the rotor. When rotor 
eccentricity leads to an uneven air gap, the Maxwell forces 
further induce unbalanced magnetic pull (UMP). In [9], the 
authors provided a detailed analysis of UMP acting on the 
rotor. Building upon this foundation, [10] further refined the 
general analytical expression for UMP. Their theoretical 

A 
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framework demonstrates that static eccentricity in an electric 
machine generates UMP at twice the electrical fundamental 
frequency (2×EFF). In an induction machine, there is a slip 
frequency (SF) between the RRF and the EFF. For 2-pole 
induction machines, when dynamic eccentricity at RRF occurs 
in the rotor, the UMP manifests two dominant components: 
one at the RRF and another at the sum of EFF and SF 
(EFF+SF) [11]. Furthermore, even in the presence of machine 
faults such as broken rotor bars [12], manufacturing 
deviations [13], or current harmonics [14], Maxwell force-
based analysis confirms that induction machines will not 
exhibit EFF disturbance forces. 

However, in [15] and [16], the vibration spectrum of 
induction machines appeared pronounced vibration at the 
EFF. Nevertheless, they have not provided an analysis or 
discussion of this frequency. In the field of electric machines, 
most existing studies on vibration analysis neglect the effect 
of magnetostriction. Nonetheless, as the power density of 
modern electric machines continues to increase, the operating 
point of soft magnetic materials is gradually approaching or 
even exceeding the “knee point”. In [17], the authors pointed 
out that when the magnetic flux density in the iron core 
exceeded 1.50 T, the vibration induced by magnetostrictive 
effect can no longer be ignored. In [18] and [19], the authors 
conducted innovated experiments by removing the machine 
rotor and energizing only the stator with three-phase ac 
current. This approach enables isolated measurements of 
vibrations solely caused by magnetostriction. Their vibration 
spectra show that the low-frequency oscillation peaks at the 
EFF. 

The EFF vibration in magnetic levitation induction 
machines (MLIMs) warrants particular attention because the 
slip ratio of induction machines is typically very small. When 
the motor has 2 poles, the RRF, the EFF, and the EFF+SF lie 
close to each other, and their superposition can induce BFVs. 
In the case of common 2-pole permanent magnet synchronous 
machines supported by magnetic bearings, the 
electromagnetic factors cause the vibration at the EFF and the 
vibration at the RRF to have the same frequency. Therefore, 
the BFV phenomenon will not occur. Fortunately, MBs can be 
actively controlled to suppress disturbances at specific 
frequencies. Thus, a theoretical explanation of the origins of 
disturbance components at different frequencies in MLIMs is 
critically important. 

Several exploratory studies have investigated machine-side 
disturbances in MB systems and their mitigation strategies. In 
[20], the authors analyzed the influence of UMP on 
magnetically suspended centrifugal compressors. In their 
subsequent work [21], they proposed an UMP disturbance 
suppression method based on a linear extended state observer 
and adaptive peak filter, which effectively suppressed the 
vibration of the UMP. Furthermore, in [22], the authors 
identified that displacement sensor runout generated harmonic 
currents, transmitting bearing vibration forces to the housing. 
They successfully implemented vibration suppression using a 
phase-shifted notch filter. However, it should be noted that 
these studies focused on systems other than MLIMs, and 

consequently did not address the BFV phenomenon. 
Moreover, the proposed vibration suppression methods were 
not specifically designed to account for the unique 
characteristics of BFV. 

In our tests with a 2-pole MLIM, the rotor vibration 
displacement exhibits spectral components at the RRF, EFF, 
and EFF+SF. The proximity of these three frequencies results 
in the manifestation of a BFV. To address this issue, this 
study begins by elucidating the fundamental mechanism of 
BFV generation. This study then systematically examines 
disturbance sources in the active MB system, focusing in 
particular on the excitation components whose frequencies are 
close to the RRF. Through analytical and numerical 
approaches, the investigation characterizes the amplitude-
frequency properties of three primary disturbance sources: 
rotor unbalance, UMP, and magnetostrictive effect. In 
addition, a four-degree-of-freedom (4-DOF) dynamic model 
of the MB-rotor system incorporating these disturbance 
sources is established, successfully simulating the BFV 
phenomenon. By employing notch filtering via active control 
of MBs, the rotor BFV is suppressed. Finally, prototype 
experiments validate both the accuracy of the BFV generation 
mechanism analysis and the effectiveness of the vibration 
suppression method. The main innovations of this article are 
twofold: 

1) An UMP model suitable for the levitated vibration 
condition of the MLIM rotor is proposed. Compared with 
existing models, the proposed model is more versatile. 

2) A theoretical analysis of the machine vibration 
frequency characteristics caused by the magnetostriction 
effect is conducted, identifying the vibration source of the 
EFF vibration. 

The rest of this article is organized as follows: In Section II, 
the principle of BFV is explained. Section III analyzes the 
disturbance sources contributing to BFVs in 2-pole MLIMs. 
In Section IV, the rotor vibration characteristics of the MB 
system are investigated through a dynamic model, 
accompanied by a vibration suppression methodology. 
Experimental validation of the theoretical framework is 
demonstrated in Section V. Finally, Section VI concludes this 
article. 

II. THE PRINCIPLE OF BFV GENERATION 

When two sinusoidal waves with close frequencies are 
superimposed, the amplitude of the resulting wave exhibits a 
periodic modulation with time, which is known as the “beat” 
phenomenon. The number of beats that occur per unit time is 
the beat frequency. Assume a vibration with angular 
frequency ωa has amplitude Aa and phase φa, while another 
vibration with angular frequency ωb has amplitude Ab and 
phase φb. The equations for these two vibrations (Va and Vb) 
can be expressed as:  

( )
( )

a a a a

b b b b

cos
cos

V A t
V A t

ω ϕ
ω ϕ

 = +
 = +

 (1) 

where t is time. The superposition of these two vibrations is: 
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The superimposed vibration is felt as a propagating or 
traveling wave, and it is not a steady harmonic type vibration. 
According to the definition of BFV, the beat frequency equals 
the difference between the two original vibration frequencies. 
An example of a 50 Hz sine wave and a 46 Hz sine wave 
being superimposed to create an amplitude-modulated wave at 
the beat frequency of 4 Hz is shown in Fig. 1. 

 
Fig. 1. Two superimposed sinusoidal waves (50 and 46 Hz) form the 
harmonic response labeled Sum. 

III. DISTURBANCE OF THE MB SYSTEM 

This study investigates a 2-pole MLIM supported by active 
MBs. The key electrical and mechanical parameters of the 
machine are presented in Table I, while the specifications of 
the radial MB are detailed in Table II. Notably, this MLIM is 
designed for use in pumps. To achieve a sealed and 
maintenance-free platform, both the machine and the MBs are 
equipped with sleeves on the stator’s inner circle and rotor’s 
outer circle for corrosion resistance. The effect of these 
protective sleeves on the MB system will be accounted for in 
the subsequent dynamic modeling. 

 
Fig. 2. The cross-section and the field map of the MLIM. 

Due to the inclusion of an anti-corrosion sleeve in the 
MLIM design, the electromagnetic air gap is larger than that 

of a conventional machine of the same size, measuring 
2.1 mm. The increased air gap results in a relatively low 
magnetic flux density in the air gap. The cross-section and the 
magnetic flux density under rated condition is shown in 
Fig. 2. As can be seen from the figure, when the stator current 
is at its rated value, the fundamental amplitude of the air-gap 
flux density is only 0.62 T. This value is significantly lower 
than the flux density in the stator core, which exceeds 1.80 T. 
According to the discussion in Section I, the magnetostrictive 
effect in the iron core is expected to be significant during the 
operation of this machine. 

TABLE I 
KEY PARAMETERS OF THE MLIM 

Parameter Symbol Value 
Number of stator slots Z 24 
Pole pairs p 1 
Number of phases mph 3 
Number of turns Nc 28 
Coil pitch y1 9 
Parallel branches a 2 
Rotor radius/mm Rr 53.4 
Air-gap length/mm gm0 2.1 
Axial length/mm Lm 170 
Rated current/A Im 20.4 

TABLE II 
SPECIFICATIONS OF THE STUDIED MB 

Parameter Symbol Value 
Current stiffness/(N/A) ki 125 
Displacement stiffness/(N/mm) ks −540 
Air-gap length/mm g0 1.5 
Bias current/A ib 6 

A. Rotor Unbalance 
Rotor unbalance represents a primary disturbance source in 

MB systems, characterized by the misalignment between the 
rotor’s rotational center and mass center. This unbalance 
generates mechanical unbalance forces during the high-speed 
rotation, which exhibits a single-frequency alternating pattern 
synchronous with the RRF. Under steady-state operation 
(assuming constant rotational speed without acceleration or 
deceleration transients), the mechanical unbalance force can 
be expressed as [23]: 

( )
( )

2
u u r r

2
u u r r

cos
sin

x

y

F m t
F m t

 =
 =

ε ω ω
ε ω ω

 (4) 

where Fux and Fuy are the X- and Y-components of the 
mechanical unbalanced force, respectively. m denotes the 
rotor mass, while εu is the offset distance between the 
rotational and mass centers, and ωr is the rotor’s angular 
frequency. 

B. UMP 
Rotor unbalance alters the air gap between the stator and 

rotor during rotation, introducing UMP due to eccentricity. 
The UMP of the machine can be analyzed based on the 
Maxwell tensor. Under ideal conditions, the air-gap length 
between the stator and the rotor is gm0. Unlike conventional 
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machines analyzed in [9], the rotor of the MLIM is always in 
a levitated operating condition, and it periodically vibrates 
around the equilibrium position under the regulation of the 
control system, which is called “dynamic equilibrium 
operating condition”. Therefore, the rotor displacement in 
MLIMs consists of multiple frequency components, which 
cannot be simply characterized as static or dynamic 
eccentricities. Let xm(t) and ym(t) represent the rotor 
displacements in the radial directions. The air-gap function 
can then be expressed as: 

( ) ( ) ( ) ( ) ( )m m0 m m, cos sing t g x t y t= − −θ θ θ  (5) 
where gm0 represents the air-gap length, and θ denotes the 
absolute spatial position angle referenced to the stator. xm(t) 
and ym(t) are time-varying functions. To simplify notation, 
they are subsequently denoted as xm and ym in the following 
equations. According to Maxwell’s stress tensor method, the 
electromagnetic force waves can be calculated as force 
density using (6) [9]: 
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where μ0 represents the permeability in the vacuum; ksat is the 
saturation correction factor; Fm0 and ωe represent the 
amplitude and angular frequency of the fundamental 
magnetomotive force wave, respectively. Defining fe as the 
EFF of the stator rotating field, we have ωe = 2π·fe. When 
rotor dynamic eccentricity creates a non-uniform air gap, the 
resulting electromagnetic force acting on the rotor becomes 
non-zero, generating UMP, that is 

( )
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∫
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where Rr represents the rotor radius and Lm denotes the 
effective rotor armature length. Assuming the axial 
distribution of rotor eccentricity is uniform, for a machine 
with 2 poles, the final expression of UMP is obtained as (8): 
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(8) 

where K is defined as UMP stiffness. As shown in (8), the 
UMP expressions incorporate the rotor displacement 

component. Taking the single-degree-of-freedom motion as 
an example, when the rotor oscillates in the X-direction with 
an angular frequency of ωr and zero displacement in the Y-
direction, that is, when xm(t) = Axcos(ωrt) and ym(t) = 0, the 
UMP in the X-direction given by (8) can be expressed as 
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where Ax is the amplitude of displacement in the X-direction. 
As can be seen from (9), for the uncoupled single-degree-of-
freedom motion with the rotor oscillating at angular frequency 
ωr, the UMP contains three dominant frequency components. 
In the case of a 2-pole induction machine, ωr corresponds to 
the RRF, while 2ωe−ωr corresponds to the EFF+SF. 
Therefore, the conclusion presented in [11]—that when a 
dynamic eccentricity at the RRF occurs in an induction 
machine, the frequencies of the UMP are the RRF and the 
EFF+SF—is actually a special case of (8) derived in this 
article. The expression obtained here is more versatile. 

If the rotor displacement contains more than one frequency, 
more new displacements will be generated after being 
modulated by the UMP. Therefore, the disturbance 
characteristics of UMP on the MB system need to be analyzed 
in conjunction with the dynamic equations. 

C. Magnetostrictive Effect 
The iron core of the MLIM is fabricated by stacking 

electrical steel sheets. Under external field excitation, these 
ferromagnetic materials exhibit positive magnetostrictive 
strain parallel to the field direction [18]. The magnetostriction 
test platform is shown in Fig. 3. 

 
Fig. 3. Test platform of magnetostriction. 

The system consists of an air-floating vibration isolation 
table, a signal generator, a single-sheet tester, a laser 
vibrometer, a control system, and computer software. The 
sample of the tested electrical steel sheet has dimensions of 
320 mm × 100 mm. Since the magnetostrictive strain is 
extremely small, the main testing instruments are fixed on a 
professional air-floating vibration isolation platform to 
eliminate interference from environmental vibrations. During 
testing, one end of the electrical steel sample is held in place 
by a clamp, while an optical target is mounted on the other 
end. A laser vibrometer with optical sensors precisely 
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measures the minute strains of the specimen. Prior to 
measurement, the measurement module of the 
magnetostriction measurement setup for magnetic field 
strength is calibrated with a standard magnetic field source. 
Subsequently, an electrical steel sheet with a known 
magnetostriction coefficient is chosen as the calibration 
sample. According to this measurement principle, the 
measured relative deformation should be positive regardless 
of whether the direction of the external magnetic field is 
positive or negative. The experimental conditions were strictly 
controlled: constant temperature of 20°C, constant humidity, 
and no vibration or noise interference. The measurement error 
for strain can be controlled within 5%, and the measurement 
repeatability error is within 2%. 

The standard followed for magnetostrictive measurements 
is IEC/TR62581. The irreversible rearrangement of magnetic 
domains during magnetic field variations leads to distinct 
strain paths during periods of increasing and decreasing field. 
Consequently, the magnetostriction curve forms a closed 
hysteresis loop, which is also called the butterfly curve due to 
its butterfly-like shape. In this study, both the stator and rotor 
of the MLIM employ 50WW350 non-oriented electrical steel 
sheets, whose measured butterfly curves are shown in Fig. 4. 
Since the maximum magnetic flux density tested has reached 
1.80 T, the nonlinear characteristics of the material are taken 
into account. Due to the complexity of the butterfly curve, 
establishing a direct relation between the magnetic flux 
density and strain proved challenging. So, we adopt the peak-
to-peak strain λpp as the effective parameter, deriving 
simplified single-valued curves as illustrated in Fig. 5. 
 

 
Fig. 4. Magnetostrictive curve of 50WW350 electrical steel sheet. 
 

 
Fig. 5. Single-valued curves of steel sheets with different thicknesses. 

Experimental results are presented for various thicknesses, 
except for the 0.50 mm-thick 50WW350 electrical steel sheet 
shown in Fig. 5. The data reveal an exponential growth of the 
magnetostrictive strain with increasing sheet thickness. 
Furthermore, the strain-flux density relation exhibits a 
pronounced nonlinearity. For a given grade of electrical steel 
(e.g., 50WW350), the peak-to-peak magnetostriction λpp can 
be expressed as a Taylor series expansion, as shown in (10): 
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pp pp 2
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where B is the magnetic flux density. Magnetostrictive effect 
acts primarily on the stator core of the machine. In both the 
permanent magnet and induction machines, the magnetic field 
in the stator core is rotated at the EFF. The magnetic flux 
density Bc(θ, t) in the iron core can be expressed as: 

( ) ( )c c0 e, cosB t B t pθ ω θ= −  (11) 
where Bc0 represents the amplitude of the magnetic flux 
density in the stator core, and p denotes the number of pole 
pairs. By substituting (11) into (10), the magnetostrictive 
strain of the machine can be obtained as: 
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ω θ ω θ

 (12) 

where λ1, λ2 and λ3 represent the magnetostriction coefficients. 
From (12), it can be observed that the iron core’s 
magnetostrictive strain contains multiple frequency 
components and spatial orders. The relative contribution of 
each frequency component requires an analysis based on the 
polynomial coefficients of the magnetostriction. We fit the 
single-valued curve shown in Fig. 5 for the 50WW350 
electrical steel sheet. Since the coefficients of higher order 
terms are negligible, the fit is limited to 3-order terms. The 
resulting coefficients are presented in Table III. 

TABLE III 
MAGNETOSTRICTION COEFFICIENT OF 50WW350 ELECTRICAL STEEL SHEET 

Parameter λ1 λ2 λ3 
Value −6.1476 17.9730 −6.2405 

 

 
Fig. 6. Strain versus magnetic flux density in the iron core. 

Equation (12) is also truncated at 3-order terms, with 
higher-order terms of negligible amplitude being disregarded. 
Consequently, the magnetostriction-induced strain can be 
simplified into four components: a dc offset, the EFF 
component, the 2×EFF component, and the 3×EFF 
component. By incorporating the coefficients from Table III, 
the variation of the strain components under different 
magnetic flux density amplitudes can be determined, as 
illustrated in Fig. 6. The results demonstrate that the 
magnetostrictive strain exhibits nonlinear growth with 
increasing flux density, with particularly pronounced 
enhancement beyond 1.50 T. For the 50WW350 electrical 
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steel sheet, the strain amplitudes at the EFF and 2×EFF are of 
comparable magnitude, whereas the 3×EFF component is 
significantly smaller than both. 

Based on the analysis presented in this section, both the 
thickness of the electrical steel sheet and the operating flux 
density of the core significantly affect the magnitude of the 
magnetostrictive strain. For MB systems, the strain induced 
by the magnetostrictive effect of the machine induces 
vibrations in the core at the EFF, especially in the stator core 
where the operating flux density is high. 

The influence mechanism of the magnetostriction effect on 
the MB control system can be divided into the following two 
categories: 

1) Electromagnetic path: Core strain leads to changes in the 
air gap, causing additional UMP in the machine. 

2) Mechanical path: Vibration caused by core strain is 
transmitted to the housing and the displacement sensors of the 
MB, introducing disturbances into the sensor detection 
signals, which in turn cause the controller to generate control 
forces at the corresponding frequency, leading to rotor 
vibration. 

The displacement disturbance caused by magnetostriction 
is minimal, typically not exceeding 0.01 mm [24], which is 
much smaller than the MLIM’s air gap. In the case of the 
machine studied in this article, the UMP caused by a 
displacement of this magnitude is only 0.72 N. Therefore, the 
influence of the electromagnetic path can be neglected. In 
contrast, the displacement sensors used for feedback control 
in the MB have very high detection sensitivity, with 
resolutions reaching 1.0 μm or even 0.1 μm [22], making 
them highly sensitive to subtle displacement variations. 
Consequently, the influence of the magnetostriction effect on 
the MB control system is primarily manifested as disturbances 
in the displacement sensor signals introduced through the 
mechanical path, rather than through changes in the air gap 
distribution via the electromagnetic path. 

IV. VIBRATION CHARACTERISTICS OF THE MB SYSTEM 

A. Dynamic Modeling 
The structure of the MLIM is shown in Fig. 7, with the 

machine placed vertically, while in the schematic diagram it is 
displayed horizontally. The center of mass of the rotor is 
denoted as G. The axial distances from the geometric centers 
of the radial MBs A and B to G are represented by lbA and lbB, 
respectively. Similarly, lsA and lsB denote the axial distances 
from displacement sensors A and B to G. 

The rotor rotates at an angular frequency ωr, and its tilt 
angles relative to the stationary reference frame G-XYZ are 
denoted as α and β. In addition, the UMP of the MLIM must 
be considered in the MB system. Assume that the UMP is 
concentrated at the stator center M, and define the distance 
between M and the center of mass G to be lm. The RRF of the 
MLIM is 30 Hz, which is far less than the first bending mode 
frequency of the rotor (245 Hz). Thus, the rotor of the MLIM 
can be defined as a rigid rotor. 

 
Fig. 7. Structure of the MLIM. 

The BFV analysis focuses primarily on the radial motion of 
the rotor, allowing a simplification to a 4-DOF model by 
neglecting the axial MB and associated components. When no 
unbalance disturbances are taken into account, the 4-DOF 
dynamic equations can be formulated as: 

b b+ = Mq Gq L F  (13) 
where M defines the mass matrix. The components of the 
vector q represent the degrees of freedom of the center in the 
G-XYZ coordinate system. G is the gyroscopic effect matrix, 
and Lb is the radial MB force-arm coefficient matrix. The 
components of the vector Fb are the linearized 
electromagnetic forces, which can be obtained as: 

b bs i= − +F K T q K i  (14) 
where the components of Ks and Ki are the force-displacement 
and the force-current factors. The Tb matrix is the transpose of 
Lb, and the vector i consists of the control currents in all four 
pairs of bearing coils. For MB systems, the current matrix can 
be expressed as: 

( )= − +i Py Dy  (15) 
with 

s=y T q  (16) 
where P and D are the proportional and derivative coefficient 
matrices, respectively; y represents the displacement matrix 
measured by the sensor; Ts is the output matrix. 

The detailed parameters of the matrix can all be found in 
[21]. Based on the analysis in Section III, practical MB 
systems incorporate various disturbances. When these non-
ideal factors are considered, the dynamic model of the system 
needs to be modified. First, with reference to (4), the 
mechanical unbalance forces can be expressed in matrix form 
as: 
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From (8), it is evident that the UMP exhibits cross-coupling 
between axes, as the rotating magnetic field causes 
displacements in both X- and Y-directions to collectively 
influence the resultant electromagnetic force. By 
reformulating these equations into a stiffness-displacement 
matrix product form, the UMP matrix of the MLIM, Fm, is 
then given by 
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where Km denotes the stiffness matrix of the UMP, while qm 
represents the displacement matrix at the stator center. By 
transforming the rotor coordinates from the stator center to the 
center of mass, we obtain 

m m=q T q  (20) 
with 

m
m

m

1 0 0
0 0 1
l

l
− 

=  
 

Τ  (21) 

The final disturbance source in the MB system stems from 
magnetostriction-induced stator deformation. From (12), it 
can be seen that the magnetostriction-induced disturbances in 
the machine core contain components at the EFF, 2×EFF, and 
3×EFF. However, in a 2-pole MLIM, only the EFF is close to 
the RRF, this is also the reason for the BFV. Consequently, 
the dynamic model can exclusively consider the EFF 
disturbance. By incorporating this disturbance into the 
displacement sensor measurements, the displacement matrix y 
can be redefined as: 

cs= + ∆y T q T u  (22) 
with 
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where Kc denotes the path transfer coefficient and ums 
represents the amplitude of the displacement disturbance 
caused by magnetostriction. Finally, since both the stator and 
rotor of the MBs are equipped with conductive metal sleeves, 
eddy currents induced by the high-speed rotation will affect 
the system’s dynamic characteristics, introducing phase lag 
and amplitude attenuation. This effect can be equivalently 
modeled as a low-pass filter [25]. Consequently, the 
expression for the MB force can be modified as: 

( )b b lps is= − +F K q K K i  (24) 
with 
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lp lp lp lp
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1 1 1 1
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where Tlp represents the time constant, related to the cutoff 
frequency flp by Tlp = 1/(2π·flp), and s is the Laplace variable. 
The final dynamic model incorporating multiple non-ideal 
factors is given by: 
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where the matrix Lm is the transpose of the Tm. To maintain 

equation consistency, the model of the low-pass filter has to 
be transformed into a time-domain matrix form. In the 
resulting time-domain equation, 1− denotes the inverse 
Laplace transform, and the asterisk * is the convolution 
operator. The complete control block diagram is shown in  
Fig. 8, where the Laplace transform and inverse transform 
blocks are omitted for simplicity. 

When establishing the control system model, this article 
takes into account the three types of disturbance sources 
analyzed in Section III. Since these disturbance sources 
exhibit different manifestations and frequency characteristics 
within the system, their frequency characteristics are 
summarized in Table IV to facilitate the design and analysis 
of the subsequent compensation control algorithm. 

 
Fig. 8. Control block diagram. 

TABLE IV 
FREQUENCY CHARACTERISTICS OF THERE DISTURBANCE SOURCES 

Disturbance source Vibration frequency 
Primary Secondary 

Rotor unbalance RRF — 
UMP RRF EFF+SF 

Magnetostrictive effect EFF 2×EFF, 3×EFF 

B. BFV Analysis and Suppression Method 
Equation (26) represents a second-order differential 

equation with time-varying parameters, which cannot be 
solved analytically. We employ the fixed-step Runge-Kutta 
method to obtain its numerical solution. The control 
parameters of the model are listed in Table V. 

TABLE V 
KEY PARAMETERS OF THE MLIM 

Parameter Value Parameter Value 
m/kg 48.82 lbA/m 225.8×10−3 

Jt/(kg·m2) 3.68 lbB/m 222.7×10−3 
Jz/(kg·m2) 0.09 lsA/m 300.3×10−3 
PA/(A/m) 15,000 lsB/m 319.3×10−3 
PB/(A/m) 15,000 lm/m 4.7×10−3 

DA/(A·s/m) 40 fe/Hz 30.0 
DB/(A·s/m) 40 fr/Hz 29.4 

flp/Hz 100 Im/A 20.4 
 

In addition to the parameters listed in Table V, the UMP 
stiffness K is taken as 7.2×104 N/m, which is obtained from 
the calculation formula in (8). Although the analytically 
calculated value may have some error due to nonlinear factors 
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such as saturation, the frequency characteristics of the 
resulting vibration remain unchanged. The path transfer 
coefficient Kc is set to 1, assuming a rigid frame, and this 
value is based on empirical experience. The εu is taken as 
0.012 mm, which is obtained from experimental 
measurements. The time constant Tlp is taken to be 0.0016 s, 
calculated based on the cutoff frequency flp shown in Table V. 
In summary, the simulation parameters adopted in this article 
are all based on clear justifications. The simulated time-
domain and frequency-domain vibration responses are shown 
in Fig. 9. For clarity, the displacement curve of the radial MB-
A in the X-direction is chosen as the representative waveform. 

 
Fig. 9. Waveform of the simulated rotor displacement (before suppression). 
(a) Time-domain. (b) Frequency-domain. 

The time-domain figure reveals a pronounced BFV after 
including multiple non-ideal factors. Fast Fourier transform 
(FFT) analysis of the displacement waveform identifies three 
dominant frequency components: (i) 29.4 Hz RRF, (ii) 30.0 
Hz EFF, and (iii) 30.6 Hz EFF+SF. Based on the analytical 
calculations in Section III, the vibration displacement at the 
RRF is influenced by both rotor unbalance and the UMP of 
the MLIM, while the main excitation source of the vibration 
at the EFF is the magnetostrictive vibration of the machine. 
Because both the RRF and the EFF of the MLIM are close to 
the rigid‑body critical frequency of the rotor, the PID control 
of the MBs significantly amplifies these disturbances. The 
EFF+SF vibration is primarily caused by the UMP induced by 
the rotor eccentricity. Due to the relatively large air gap in the 
studied MLIM, the amplitude of the vibration displacement at 
this frequency is relatively small. 

Currently, there are two main approaches to suppress 
disturbances at specific frequencies. The first is the use of 
notch filtering, which attenuates signals at specific 
frequencies in the feedback channel of the control system, 
preventing the controller from generating control actions in 
response to disturbances at those frequencies, thereby 
avoiding amplification of those frequency components by the 
control system. The second approach is feedforward 
compensation, which achieves active cancellation by 
constructing an inverse model of the disturbance to generate a 

compensation signal with the same amplitude but opposite 
phase. 

Notch filtering is primarily suitable for periodic 
disturbances that can be suppressed through the feedback 
channel. For example, for disturbances in displacement sensor 
signals, a notch filtering algorithm can be employed to filter 
out disturbance components at specific frequencies in the 
feedback channel, thereby reducing rotor vibration 
displacement. Therefore, to address practical issues in the 
MLIM, this article adopts a phase-shifted notch filter to 
suppress disturbances in the machine. We adopt the improved 
phase-shifted notch filter proposed in [26], which is 
incorporated into the displacement feedback loop to suppress 
BFV. The transfer function of this notch filter is given by 

( ) ( )
2 2

e
2 2

e n n e ncos sin
s

N s
s c s

+
=

+ + −
ω

ω θ ω θ
 (27) 

where cn is defined as the convergence coefficient, whose 
value determines the notch filtering performance. θn denotes 
the phase shift angle. Since the control system exhibits the 
most pronounced amplification effect on the EFF disturbance, 
the notch angular frequency is selected to match ωe. By 
expressing (27) in matrix form, we can obtain 

( ) ( ) ( ) ( ) ( )( )diag ,  ,  ,s N s N s N s N s=N  (28) 
The improved phase-shifted notch filter is incorporated into 

the displacement feedback loop of the MB system, resulting in 
the control block diagram shown in Fig. 10. 

 
Fig. 10. Control block diagram including phase-shift notch filter. 

 
Fig. 11. Waveform of the simulated rotor displacement (after suppression). 
(a) Time-domain. (b) Frequency-domain. 

The phase shift angle can be selected as −50° based on the 
findings from [26], the simulated rotor vibration displacement 
is shown in Fig. 11. It demonstrates that the EFF vibration 
component is suppressed to the level of the original 
disturbance (3.0 μm), confirming the notch filter’s 
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effectiveness in suppressing EFF disturbances. In addition, the 
RF and EFF+SF vibrations are also partially attenuated due to 
the sufficient bandwidth of the phase-shifted notch filter. 
 

V. EXPERIMENTAL VERIFICATION 

A. Locked-rotor Experiments 
A locked-rotor test platform is designed to verify the 

frequency characteristics of the vibration caused by the 
magnetostrictive effect, as illustrated in Fig. 12. Due to the 
mechanical constraints of the locked-rotor fixture, the 
platform is reconfigured from its actual vertical operational 
orientation to a horizontal placement for testing purposes. The 
rotor is mechanically constrained using a custom fixture to 
prevent rotation, thereby effectively decoupling 
electromagnetic-induced vibrations from mechanical ones. 
Tri-axial accelerometers are mounted on the MLIM housing 
to acquire vibration data, with the vibration signal processed 
using a SIEMENS vibration analyzer, model SCM2E05. 
During the test, an inverter supplies three-phase alternating 
current (ac) power to the machine with a controlled amplitude 
and frequency. Experimental data can be acquired 
synchronously using a high-precision vibrometer system. 
Since the primary vibration component originates in the radial 
direction, only the radial component measured by the 
accelerometer needs to be acquired and processed. 

 
Fig. 12. Locked-rotor test platform. 

When the MLIM is operated in the vertical orientation, the 
rotor is fully levitated without mechanical contact, and 
vibrations are transmitted solely through electromagnetic 
forces and structural dynamics. In contrast, during the 
horizontal locked-rotor tests, the rotor is mechanically 
constrained by the fixture, and factors such as friction, 
clearance, and preload at the contact interface introduce 
additional nonlinear characteristics, making the vibration 
transmission path more complex and exerting extra effects on 
high-frequency vibration components. Furthermore, in the 
horizontal arrangement, gravity acts radially, altering the pre-
stress distribution within the structure, which may affect the 
natural frequency and mode shape of the system. The 
constraints imposed by the fixture may also induce local 
modes. Therefore, it is necessary to verify the disturbance 
sources of the EFF vibration using different excitation 
frequencies. 

 
Fig. 13. Test results of vibration acceleration. (a) 30 Hz. (b) 50 Hz. 

 
Fig. 14. Machine current. (a) Time-domain. (b) Frequency-domain. 

The test frequencies are chosen to be 30 and 50 Hz, and the 
corresponding radial vibration accelerations under various 
current conditions are shown in Fig. 13. Pronounced vibration 
peaks at the EFF can be observed in the spectra analysis. 
Additionally, an enlarged view is provided to illustrate the 
differences in vibration under various currents. As the current 
increases, the vibration acceleration at the EFF also increases, 
but the rate of growth gradually diminishes. Taking the test 
frequency of 30 Hz and the RMS current of 20 A as an 
example, the time-domain and frequency-domain waveforms 
of the current are shown in Fig. 14. It can be observed from 
the figure that the current waveform of the motor exhibits 
good sinusoidal characteristics, with each harmonic content 
below 1% and a total harmonic distortion (THD) of 0.88%. 
According to the review in the introduction, when the current 
harmonics of the MLIM are very small, Maxwell forces do 
not excite vibrations at the EFF. Therefore, the EFF vibration 
measured in the locked-rotor test primarily originates from the 
magnetostrictive effect, which is consistent with the 
conclusions reported in [18] and [19]. 
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B. Vibration Suppression 
Experimental validation is conducted on a vertical 

platform. The MLIM is operating under rated conditions, with 
the stator current approximately 21.2 A, the EFF at 30 Hz, and 
the rotor rotational speed at 1764 r/min. The displacement 
sensor employed on the platform is the model JX-20XLQ08, 
which has a linearity of 1% and a bandwidth of 10 kHz. The 
MB system demonstrates similar dynamic characteristics 
across all 4-DOF. For clarity, the X-direction displacement at 
the extension end bearing is selected as the representative 
signal. The measured rotor displacement waveforms contain 
multiple high-frequency components. We focus on observing 
the components that are close to the RRF, as illustrated in  
Fig. 15. As clearly visible in the figure, the rotor response 
exhibits a clear BFV phenomenon. The spectral analysis 
reveals two dominant low-frequency peaks corresponding to 
RRF and EFF, while the EFF+SF component exhibits a lower 
amplitude. 

 
Fig. 15. Waveform of the measured rotor displacement (before suppression). 
(a) Time-domain. (b) Frequency-domain. 

 
Fig. 16. Waveform of the measured rotor displacement (after suppression).  
(a) Time-domain. (b) Frequency-domain. 

The rotor vibration displacement with the implemented 
suppression method is presented in Fig. 16. The time-domain 
vibration profile no longer exhibits observable BFV, and the 

overall vibration amplitudes are significantly reduced. The 
FFT-based frequency-domain analysis further confirms 
substantial suppression of the EFF component, together with a 
weakening of both the RRF and EFF+SF vibrations to varying 
degrees. 
 

VI. CONCLUSION 

In this study, multiple disturbance sources were 
investigated in the MB system of a 2-pole MLIM. Theoretical 
modeling has revealed distinct amplitude-frequency 
signatures of rotor unbalance, UMP, and magnetostriction-
induced vibrations, while rotor dynamic analysis provided 
fundamental insights into the generation mechanism of BFVs. 
Supplemental locked-rotor experiments conclusively 
identified magnetostriction as the dominant source of EFF 
disturbances. Building on these findings, an effective method 
for vibration suppression was designed and experimentally 
validated on a prototype system, demonstrating effective BFV 
mitigation while maintaining system stability. 

This article presents two main innovations. First, a more 
versatile UMP model is developed, which is suitable for the 
dynamic balancing motion state of the MLIM rotor. 
Compared with existing models, the proposed UMP model 
offers improved generality. Second, a theoretical analysis is 
conducted on the vibration frequency characteristics of the 
MLIM caused by the core magnetostriction effect, revealing 
that the vibration at the EFF originates from this effect. 

While we have demonstrated that the magnetostriction 
induces EFF vibrations in the MLIM, which are subsequently 
amplified by the MB control system, the underlying 
mechanism of magnetostriction warrants further in-depth 
investigation. Moreover, in future work, adaptive control 
strategies will be explored to maintain suppression 
performance over the full operating range. Both adaptive 
notch filter and frequency-tracking schemes are considered 
feasible. The adaptive notch filter offers simplicity but may 
suffer tracking lag under rapid frequency changes, while 
frequency-tracking schemes provide good adaptability yet 
require robust frequency extraction under noise. Key 
challenges include real-time identification of time-varying 
disturbances, balancing convergence speed with stability, and 
ensuring noise-robust frequency tracking under varying 
operating conditions such as magnetic flux density, 
temperature, and mechanical load. 
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